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CERTIFICATE EXAMINATION

MathematiCs Extension 1

General Instructions
Reading time - 5 minutes
Working time - 2 hours

Write using black or blue pen.

Board-approved calculators may
be used.

A table of standard integrals
is provided at the back of this

paper.

Total marks - 84
Attempt Questions 1 - 7

All questions of equal value.

All necessary working should
be shown in every question.

Start each question on a new page.



Question 1 (12 marks) : Marks

(a) Factorise 2x° +54. 2
(b) Let f(x)=e" —1. What is the range of f(x)? 1
. b
(¢) Given that log,b =3-4 and log,c=4-5, find log,| — |. 1
c
(d) Differentiate &>*sinx 2
(e) Find the exact value of J‘oz cos’x dx . 3
(f) Using the substitution u = x> +1, or otherwise, find the 3
exact value of j ’ 22 al
0 x“+1



Question 2 (12 marks) Start a new page.
(a) The function f(x)=x’- log,(x+1)has arootnear x =1.

Use one application of Newton’s method to obtain another
approximation to this root. Give your answer correct to
two decimal places.

(b) The polynomial ¢(x) = x° +3x% + ax+b has a factor of (x-2)and
aremainder of —9 when divided by (x+1).

Find the values of g and 5.

(c) (i) Express V3sinx — cosx in the form Asin(x —6) where

0<o<Z.
2

(i) Hence, or otherwise, solve J3sinx — cosx =1
for 0 <x <2z . Give your answer in exact form.

In3 2%

(d) Evaluate Io e dx.



Question 3 (12 marks) Start a new page.

sinS5x

(a) Find lim
x>0 2x

(b) The diagram shows the parabola x> = —8y and the point P(4¢,—2¢*)
which moves along it.
1Y

» U

v
/ P4t , —at’)
4 T/ M

o?=-83

(1) Show that the equation of the normal at Pis y = ; -22—4.

(i1) This normal meets the y-axis at 7. The midpoint of PT is M.
Find the coordinates of T and M.

(iii) Find the Cartesian equation of the locus of M.

(¢) (i) On the same set of axes sketch the graphs of y = cos2x and

y= —%x for 0<x<7z. (Show at least 2 points which lie
on y= —lx )
y 5%
(i1) Use the graph to determine the number of solutions there are

. 1
to the equation cos2x = ——Ex for 0<x<r.

(d) Use mathematical induction to prove that 7" —1 is divisible by 3,
for all integers n>1.



Question 4 (12 marks) Start a new page.

(a) A particle is moving in a straight line with its acceleration as a
function of x given by % = 3x7. It is initially 1 metre to the right

of the origin and is travelling with a velocity of —J2 metres per
second.

(i) Show that % = —~/2x°

2

(ii) Hence show that x = .
(t +2 )

(b) (1) Find the x-coordinates of stationary points on the curve
y=x-2sinx for 0<x<27z.
(i) Write down the y-coordinates of these stationary points
in exact form.

(iii) Find the nature of each of the stationary points.

(iv) Find the coordinates of those points on the curve
correspondingto x =0 and 27.

(v) Hence sketch the curve for 0 < x <27 . (You do not have to find
any other intercepts with the axes or points of inflexion.)



Question 5 (12 marks) Start a new page.

(a) The displacement x metres of a particle moving in simple harmonic

motion is given by x = 551n(nt+—i—) where the time ¢ is in seconds.

(i) What is the period of the oscillation?

(i1) Show that the particle’s oscillation starts 5 metres to the right
of the equilibrium position.

(1ii) What is the speed of the particle as it moves through
the equilibrium position?

(iv) Show that the acceleration of the particle is proportional to
the displacement from the equilibrium position.

(b) Show thatfor 0 < x <1, gx—[sin“lwl(l—xz)] = ——_—12—
(1-x%)

(c) (1) Sketch the graph of y = tanx for —% <x< %

(ii) By using (i), or otherwise, find those values of x

satisfying Y <x< E) for which the geometric series

1+3tanx + 3tan? x + 3J3tan’x +... hasa limiting sum.



Question 6 (12 marks) Start a new page.
(a) Consider the function f(x) = x* — 4x + 7.

(i) Write down the largest positive domain for which f(x)
has an inverse function f7'(x).

(ii) Find the inverse function f'(x).

(iii) Sketch y = f7'(x) and y = f(x)on the same diagram.

N
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o
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A ball is hit with initial velocity v from a point P on the ground
at an angle of @ with the horizontal.

() The equations of the motion of the ball are:
¥=0 and y=-10 (i.. acceleration due to gravity is 10m/s*)
Using calculus, show that the position of the ball at time # is given by:
x=vtcos® and y =vtsin@ —5¢

(i) After 2 seconds the ball just clears a wall which is 10 metres high
and 72 metres from P.

Calculate the angle of projection @ (to the nearest degree)
and the initial velocity v.

(iii) How far from P does the ball land?



Question 7 (12 marks) Start a new page.

(b) Nicole is staying in the Blue Mountains. She takes a cup of coffee whose
temperature is 80° C outside where the air temperature is 5° C .

The temperature of the coffee, 7° C, after t minutes outside satisfies
the equation

dT
KT -5).
” (T'-5)

(i) Show that T' = 5+75¢  satisfies both the above equation and
the initial condition.

(i1) After 10 minutes outside the temperature of the coffee is 57° C.

After how many minutes (to the nearest minute) will the coffee’s
temperature be 20° C?

Question 7 continues on page 9.



Question 7 (continued)

©) A

C e

In the diagram, the goal posts 4 and B in a children’s soccer game are
3 metres apart. Goal post B is 1 metre from the corner post C.

A player stands at P on the boundary line x metres from C.

The goal posts 4 and B subtend an angle of & at P.

(i) Show that @ = tan_li — tan"ll.
x x

(if) Show that ¢ is a maximum when x=2.

(iii) Deduce that the maximum angle subtended at P is 6 = tan™ %

End of paper



STANDARD INTEGRALS

[ 1 .
x" dx =——x" nz-1, x20,ifn<0
J n+1l
(1
~dx =Inx, x>0 -
X
o/
[ 1
e® dx =—e¥ az0
J a
Jcosaxdx =—sinax, a%=0
( _ 1
sinaxdx =——cosax, a#0
[ 1
sec?ax dx =Ztanax, a#0

1
secax tanaxdx = secax, a#0

X .
—1————dx =1n(x+\/x2——a2), x>a>0

J xz—a2

J———l———dx =1n(x+\/x2+a2)
x* +a?

NOTE : Inx=log,x, x>0

© Board of Studies NSW
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\@ A +1) = 2(x43)(X-3% +9)
@ Y> -l
© 1oga ()= Yogalo~ loga C
= 3+4 — 4.5
= =\
@u=*  u=sinx
\ 13X t
u= 3e V = CoSX
PRoODOCT RULE ¢ 8}: \lu‘ + u\)‘
. B 23X
=sSink3e + ¢ .cosXk
= ém (’5 SinX + cos o(-)
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= L
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xX=3 ¢ =10

O0|@®P+* =2

X P sinxX - cosSx = A(g—\ss\nx—a’ms@r

= & (Coses‘\mc — Sing cosac)
where coso
ond sine=%

= 2 sin(x-8) ie =%

= 'a\s.‘méc-fa

%%&='Ax
s dw= Qxdx 0
53 A dx =S du
S x* 4\ w
! \0
= ful,
= U\\O‘h\\
:L{\\O
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X+ \
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Z94= 2,
'G((Za3 ME oD
= |- 0-301
s
: 088

©) ) fackoe 2 q@)=0

ie. da+bo=-30 @
rem. = uhen % loy () i q(-)=9

e —atb=l ®
Solving @ and @ ¢ a=-3, b=-14
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3@@&3: "?:g x

y= -E
At (4,700 : Mgy = —3 x4t=-t
v Minoam = 3{
EQUN NORM § \3-\. 3.-\?‘ = 3‘:_ (—x —*t)
A
® f(o) "&'\'.Q" 4’) A o
. - 4t+0 % A-4
Mm: x=s T2 y= .
= at = -

ie m(at, -ag-d)
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W= —-dx D;i- -
= -5x -2
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\ [ Ceeriocd= T
‘&a‘ 11\’ ->
ad)
(%,"g-) %:-%’\‘JC

@ Q polnts of infercection,

@ s1ef\ : Pove drue G a=\
-]‘._ V=6 whidh is divis. \033
STEE &% Assume true ®r A=K
e, JRo 1= 3M (M an integer)
[or %= 3M41]
Hence prove true for n= K+l
e, %M S olso divis. by
Now J¥'_y{= 7. |

= 7. (3M+Y) \a‘:g:‘;;“

=AM+ -1

aM +6

= 2(IM+ ) which is

eX;NiS.\oa'B

e de o =k Hhen drue o

0= kel

STEP 3 we assumed e Gor k-

and ‘nence proved true for =kl

Swnce frue or A=l Hhen by +he
Yanciple of Mothe matical Tnduchion
fue for all positive \«%e%ecs .

* Q) %&i \Ja\ = 333

LV \3
2N = X
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V= -Jaad |
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= W
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C= -Ji
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' =
t'\'\ya ; \’ﬁ
- o=
(t+Va)" = =
- 2
(E+VR)*

®® %;A'c = \-&CQSDC
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s cosAx = —Kx has A So\ns aN = X | cosx =%
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6. @ INITVALLY \1
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